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Abstract

Quaternion side quest: show that for degree 4 vertices that satisfy the 2D Kawasaki’s theorem, the
fold angles are coupled into a pair of equal angles and a pair of opposite angles.

1 Quaternions crash course

The following crash course summarizes the key properties of quaternions that are relevant to our usage
in origami. These notes are drawn from [1].

Quaternions are very convenient for representing rotations in 3D space. A quaternion is like a complex
number a + bi, but instead of one imaginary unit i, we have three imaginary units 4, j, k that satisfy the
following properties:

iP=j=k=-1
ij=k,jk=1iki=j
ji = —k,kj = —i,ik = —j

A quaternion can be expressed as ¢ = s + xi + yj + zk where s, x,y, z are real numbers. In terms of
notation, we write a quaternion as a 4D vector ¢ = [s,x,y, z] or a combination of a scalar and a vector

q=[s, 7.
1.1 Rotations

Quaternions are very convenient because they can express a rotation around a unit vector ¥ = (z,y, z)
by an angle p as follows:

pP . P —»}
r Ll 1
q—[cos2,51n2v (1)
The conjugate ¢~ ! of a quaternion ¢ = [s, 7] is given by ¢! = [s, —4/], or in other words, flipping the sign

of the axis vector so the rotation is reversed. For a unit quaternion, the inverse is also the conjugate, so

¢ ! = [s,—7]. A unit quaternion is a quaternion with magnitude 1, where the magnitude of a quaternion
is given by ||q|| = /5% + 22 + y2 + 22.

1.2 Multiplication

Quaternion multiplication uses the Hamiltonian product, which is defined as follows (for convenience, the
rest of this text will omit the ® symbol):

@1 ®q2 = q1q2 = [S152 — U] - U3, 5103 + S20] + U] X 03] (2)

Quaternion multiplication is associative but not commutative due to the cross product, much like matrix
multiplication. We can use quaternion multiplication to apply a rotation to a point p by treating the
point as the vector of a quaternion with zero scalar part and performing the following operation:

];; = q_)q_l = [Sa U][Ovﬁ][S? _6] (3)



To apply a series of rotations to a point, we can apply Equation 3 for each rotation in sequence. For
example, if we rotations g1, qo, ... g, we can apply them to a point p as follows:

V= eo)iatet. b (4)

1.3 Axis transformation

One useful identity we will use is the following:

zy = (zyz Nz (5)

which is easily verified due to the associativity of quaternion multiplication. Moreover, if x is a unit
quaternion, then we can define g as follows:

j=ays™ = [sy, vvyz”] (6)

This is reminiscent of (3). In other words, 7 keeps the same scalar part but transforms the vector part
by applying the rotation defined by x to it. This is a useful algebraic tool because it allows us to change
the order of multiplication:

Ty = Yx (7)

1.4 Quaternion <> Matrix

A quaternion g = [s,x,y, z] can be converted to a rotation matrix using Rodrigues’ formula as follows:

1-2(y%+2%) 2(xy — s2) 2(zz + sy)
R= 20wy +s2) 1—-22%+2%)  2(yz— sw) (8)
2(zz — sy) 2(yz +sx) 1 —2(x?+1?)

Conversely, a rotation matrix can be converted to a quaternion using the following formulas:

1
325\/1+R11+R22+R33 9)
R3s — Ros
_ _ Thes 1
T P (10)
Ri3 — R31
_ 11
Y s (11)
Ro1 — Ry
_ 12
z P (12)
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2 Kawasaki’s theorem in 3D

Most people are familiar with Kawasaki’s theorem in 2D, which states that for a vertex with an even
number of creases, the alternating sum of the angles (in absolute position) between the creases must
be zero, or equivalently, the sum of every other sector angle msut be 180°. In 3D, this formulation is
generalized to state that sequentially applying the transformations defined by the creases must equal the
identity transformation, or in other words, walking around the vertex must bring you back to where you
started. One approach would be to express each crease as a 3x3 rotation matrix. However, the more
analytically tractable approach is to express each crease as a quaternion, which contains 4 parameters
instead of 9.

Each crease is defined by an axis direction 0 < 6 < 27 (location of the crease when unfolded) in the
XY plane, and a fold angle p. We bound —7 < p < 7 where p = 0 is unfolded, p = 7 is a fully folded



valley fold, and p = — is a fully folded mountain fold. The quaternion for a crease with axis #; and fold
angle p; is derived from Equation 1 as follows:

q = cos%,sin%cos@i,sin%sinﬁi,o (13)

Recall that the identity quaternion is [1,0,0,0]. Therefore, for a vertex with n creases defined by
(01, p1), (02, p2), ... (0n, pn), Kawasaki’s theorem states that the following must hold:

Gn- - g2q1 = [1,0,0,0] (14)

The quaternion ¢, ...g2q1 has 4 parameters, giving us 4 constraint equations. However, because rota-
tion quaternions are assumed to have a unit magnitude, one constraint is taken up by the fact that
llgn - - -q2q1]| = 1. Therefore, we are left with 3 constraint equations. For a vertex with n creases, we
have 2n parameters (the 6; and p; for each crease), so we have 2n — 3 degrees of freedom. For example,
for a vertex with 4 creases, we have 2n — 3 = 5 degrees of freedom. In theory, this means that if any
5 parameters of 01, p1,...04, p4 are known, the remaining 3 parameters can be solved for using the 3
constraint equations.

3 Proving the kinematic properties of degree-4 vertices

Suppose you have a vertex with 4 creases. It is well documented that degree-4 vertices are rigid foldable
with 1 degree of freedom [citation needed]|, which agrees with our conclusions above. We will now use
the quaternion formulation of Kawasaki’s theorem to derive the relationship between the fold angles p;
for a degree-4 vertex with known 6;. For convenience, let p; = %; where p} is the actual fold angle. We
will remove global rotation by fixing 1 = 0. Also define sector angles d10 = 03 — 01, 23 = 03 — 02, and
034 = 04 — 03. We can now express the 4 quaternions as follows:

444392491 = [17 07 07 0] (15)
Geq = (1) =6l (16)
cos (p2) cos (p1) — cos (ps) — cos (pa)
cos (012) sin (p2) sin(p1) | _ | —cos(d12 + d23) sin (p3) —sin (p4) cos (812 + d23 + 034)
sin (012) sin (p2) 0 —sin (012 + d23) sin (p3) —sin (612 + d23 + d34) sin (p4)
0 0 0 0
(17)

We can then use Matlab or another symbolic algebra tool to expand the expressions based on the definition
of quaternion multiplication (2) and generate 4 equations, one for each of s,z,y,z. However, we only
need to consider the equations corresponding to the s and z rows:

cos (p1) cos (p2) — cos (012) sin (p1) sin (p2) = cos (ps3) cos (pg) — cos (034) sin (p3) sin (p4) (18)
sin (d12) sin (p1) sin (p2) = sin (d34) sin (p3) sin (p4) (19)

Let’s now consider the case where the 2D Kawasaki’s theorem is satisfied by 81 — 02 + 03 — 04 = 0, or
in other words,

034 = T — 019 (20)

Substituting (20) into (19) gives:
sin p1 sin po = — sin p3 sin py (21)



Then, substituting (21) into (18) gives':
COS p1 COS Py = COS P3 COS P4 (22)

Now recall the trig identity cos(A + B) = cos Acos B F sin Asin B. Using these identities, we can
rewrite (21) and (22) into:

cos(p1 — p2) = cos(ps + p4) (23)
cos(p1 + p2) = cos(ps — p4) (24)
Which is equivalent to:
p1 — p2 = £(p3 + pa) (25)
p1+ p2 = £(p3 — pa) (26)

At this point, we recall that we initially substituted p; to be only half of the true fold angle, but are
reassured that these equations would not be affected by scalar multiplication of p;. This also implies that
the relationship between the fold angles does not change throughout the 1 degree of freedom trajectory
as the vertex folds or unfolds.

There are 2 solutions to (25) and 2 solutions to (26), giving us 4 total solutions:
(p1 = p3) A (p2 = —pa) (27)
(p1 = pa) A (p2 = —p3) (28)
(p1=—pa) A (p2 = p3) (29)
(p1 = =p3) A (p2 = p4) (30)
(31)

In short, the fold angles are coupled into a pair of equal angles and a pair of opposite angles. This agrees
with Maekawa’s theorem because it implies that the sign of one fold angle will have to be opposite the
sign of the other three.

4 Solving for an unknown crease

In the context of a crease pattern software, it is often the case that a vertex is not foldable, but can be
made foldable by the addition of a crease. We now would like to solve for the axis direction and fold angle
of this new crease, and to find all possible solutions. This problem is actually overdetermined because
we have 3 constraint equations but the new crease is defined by 2 parameters.

Unfortunately, there is no closed-form solution for this missing crease. The reason stems from the
assumption that all quaternions are multiplied in order of increasing 6. This means that the unknown
crease can be in any position in the multiplication sequence, so we must check all cases.

Suppose we have a vertex with n creases. Define Qir = ¢n ... ¢q2q1 # 1 as the total transformation,
which is currently not equal to the identity quaternion. For all k € [1,n — 1], we will attempt to insert
a NeW Crease (neyw between gr and qr41, and check if there exists a solution for ¢ne, such that the new
total transformation is the identity quaternion. For a given k, we can solve for ¢ne, as follows:

Undn—1- - - Qrt1qnewdk - - - G2q1 = 1 (32)

QLgnewQr =1 (33)

dnew = Q' Q' (34)

Note that obtaining (22) required dividng by cos d12, which could be 0 when 12 = 7. (Dividing by sin d12 can be excused

by assuming that 0 < 12 < 7). This is a singularity case where the fold angles decouple. You can experience this by folding
two straight perpendicular creases, and observe that unfolding one has no effect on the other.



Recall that QLQr = Quot — Qr = Q7' Quot — szl = QtotQr. Therefore,
Qnew = QletotQL (35)

Before concluding that e, is a valid solution, we need to verify that its axis lies in the XY plane,
which is equivalent to verifying that the z component of gney is 0. If the z component is not 0, then at
least 2 new creases must be added between ¢, and gr+1 to achieve foldability.

If the z component of gueq is 0, then we can extract the axis direction 6., from the z,y components.
Then if our original assumption 0y < Ope < ;11 is satisfied, then gney is a valid solution. If not, then
we can discard this solution and move on to the next k.

Note that Q¢ is precomputed once for all k, and all 1, can be computed iteratively for all k in O(n)
time. Therefore, we can compute all valid gpey for in O(n) time.

5 Solving for 3 unknown fold angles

Next, we would like to address the case where we have a degree-n vertex with 3 unknown fold angles.

5.1 Problem setup

Let qq, g, gc be the quaternions with known axis directions v, U, v, but unknown fold angles pg, pp, pe-
Assume that 0, < 6, < 0.. Without loss of generality, we choose unknown ¢, as the first quaternion in our
evaluation of Kawaski’s theorem. Then, let @1, Q2, Q3 or Ry, Ro, R3 be the products of the known crease
quaternions/matrices between the unknown ones, which may be 1 if any unknown creases are adjacent.
Then we wish to solve for pg, pp, pc such that Kawasaki’s theorem is satisfied:

cQ3qpQ29,Q1 =1 (36)

5.2 Quaternion axis transformations rearrange without changing fold angles

First move @)1 to the right hand side. Then, by applying the axis transformation identity, we can
effectively swap (Q2¢, = ¢u@Q2 to move Q5 to the right. A similar trick can be applied to move Q)3 to the
right as well:

QCQBQbQQQa = Qfl (37)
4:Q3qdn = Q7' Q5 ", where ¢y = Q20,Q5 " (38)
Gelpda = Q7'Q5' Q3 ", where ¢, = Q3¢,Q3 " and ¢, = Q3. Q5" (39)

We now show that the scalar components of ¢, g, did not change under the axis transformations,

only the vector components. Let @y, i), @ be the transformed fold axes of gy, Gy, g. respectively. Recall

our definition of a crease quaternion: ¢(p,6) = [cos §,sin §4] where ' = [cosf,sin 6, 0]. Also recall that

axis transformations do not change the effect of the scalar component, so we can express ¢, as:

qy = |cos %, sin %Ub} (40)

G = QaqpQ3 " = [cos %7 R3(sin %_)b)] (41)
= [cos %, sin %(Rgﬁb)] (42)

(43)

In other words, ¢ is a rotation with the same unknown fold angle pp, but with a known axis direction
iy, = Rsth where Rj is the matrix form of Q3. Similarly, ¢, is a rotation with the same unknown fold
angle p,, but with a known axis direction i, = R3RaU,.



5.3 Solving for p,

We now seek to find the unknown fold angles pg, pp, pc by converting to matrix form:

Geloda = Q7' Q571 Q5" (44)
R(pe, @) R(py, i) R(pa; @) = Ry 'Ry 'Ry (45)
RaRbRc = Rtarget (46)

where R(p, i) is the rotation matrix using Rodrigues’ formula for a rotation of p around axis @ (using R;
as a shorthand). We can then isolate R} by taking advantage of the fact that GfRC = Uf and R,u, = U,
(because rotation of an axis around itself is just itself):

@l Ryity = 1. Riargetila (47)
Then we can apply Rodrigues’ formula to the left hand side and rearrange to get:

iz (I3 cos py + (1 — cos py) (Tt} ) + sin ppliiy) )iia = Ul Riargeria  (48)

ﬁg(cos (I3 — ﬁbﬁbT) + ﬁbUbT + sin pp[tip] )t = EngTgetﬁa (49)
cos pp [dr (I3 — Wiy, Vi) + sin py [G7 (@) X Ua)] + [€0 (Gt )iia — Ge Riargertia) = 0 (50)

Note that this last equation is of the form Acospy + Bsinp, + C = 0 where A, B, C are known scalars.
We can then apply the following trig subsitution and solve via the quadratic formula:

-1 2t
t:.= tan%,cospb:m,smpb: m (51)
1—¢2 2t
AT Bz +C=0 (52)
(C—A)t*+2Bt+(A+C)=0 (53)
. —(2B) £/(2B)2 —4(C — A)(A+C) (54)
- 2(C — A)
B A2+ B2 - (2
pp = 2arctan ( T j_C ¢ ) (55)

It makes intuitive sense that non-degenerate cases will have 2 solutions for pp, and thus 2 solution
sets of pq, P, pc. Consider the vertex with angular defect at the corner of a cube. If the crease angles are
unknown, then there are 2 valid foldings: one where all 3 fold angles are mountains, and one “popped
inside out” where all 3 fold angles are valleys. A similar effect is occuring here.

5.4 Algebraic simplification

Before continuing, let’s simplify each term. Recall that i, = R3Ratq, U, = R3p,U. = U, and Rigrget =
RU'Ry'Ry!. Then,
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5.5 Solving for p. and p,

Now that p, (and therefore, Rp) is solved, we turn our attention to solving for p.. The £+ when solving
for pp means there are in general two solutions for the following computations of p. and p,, but we will
just pick one solution for p, and solve for the corresponding p. and p,. We can solve for p. by returning
to the original equation:

RCRbRa = Rtarget (68)
Rc(Rbﬁa) = (Rtargetﬂa) (69)
(70)

Essentially, we seek to take a known start vector Ry, and rotate it around a known axis u. until it equals
a known target vector Rigrgettlq- In general, this is only possible if the start and target vectors have the
same magnitude, and same same parallel component along the rotation axis. In our case, the former is
true because both Ryt and Riqrgetilla are unit vectors. The latter is also true because (47) stated that
ﬁc : (Rbﬁa) = ﬁc : (Rtargetﬁa)-

Therefore, we can solve for p. by finding the angle between the orthogonal components of Ryii, and
Riargettiq with respect to the rotation axis @.. Let Psiare and piarger be the orthogonal components of
Rytiq and Rigrgettia respectively. Then,

ﬁstart = Rbﬁa - ('Jc : (Rbﬁa»ﬁc (71)
@arget = Rtargetﬁa - (ﬁc : (Rtargetﬁa))ﬁc (72)
Pc = atanQ(ﬁc : (ﬁstart X @arget)aﬁstart : ﬁtarget) (73)

Finally, we can solve for p, by returning to quaternion form, now that ¢, and ¢, are known:

QCqu:a = Ql_lQQ_IQg_I (74)

(o =G, g Q1'Qy' Q3" = [5,2,y,7] (75)

fcos & sin £ra,) = [s. 2.y, 2] (76)
/o2 2 4 2

pa = 2arctan (3:4—;/—1—2) (77)
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5.6 Plug and chug (algebraic cleanup)

We have therefore solved for the 3 unknown fold angles pq, pp, p. that satisfy Kawasaki’s theorem. Let
us now trace through the equations used in the section above to simplify the algebraic expressions of the
solution.

A = 5T R3(I3 — 5,5 ) R (78)
B = % R3( x RaT,) (79)
C = &' Ry(3,] — RYRT RY) Ry, (80)

6 Conclusion

In conclusion, we use quaternions and 3D Kawasaki’s theorem to show the following properties:

e When all p € {7, —n}, the 3d formulation reduces to the 2D Kawasaki’s theorem on € [not written
up yet but can be shown]

e When all 6 are known, there are n — 3 degrees of freedom for the n fold angles. Importantly, this
means that degree 4 vertices have one rigid degree of freedom to fold.

e For degree 4 vertices that satisfy the 2D Kawasaki’s theorem, the fold angles are coupled into a
pair of equal angles and a pair of opposite angles. This agrees with Maekawa’s theorem because
one angle must be the opposite sign of the other three.

A few things to look into next:

e Check the aforementioned singularity for when the 4 creases form a perpendicular intersection. The
coupling breaks down because we divided by cos d12

e Derive the relationship between the pairs of coupled fold angles. This is essentially the mechanical
advantage or Poisson’s ratio

e What about the relationship between fold angles for cases where the 6 do not satisfy the 2D
Kawasaki’s theorem

e Generalize the degree-4 vertex results to degree-n vertices
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